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Section A (36 marks)

I
1 Using standard summation of series formulae, determine the sum of the first n terms of the series _|

(I1x2x4)+(2x3x5)+B%x4x6)+ ..., -

where 7 is a positive integer. Give your answer in fully factorised form. [6]

FirsE we need o Wite s &ries in oo gererad
form .

% Q‘UH}(NZ)) \

\@xp(w)\ ovkt LrocMets
_ Z(r? Y 30) Y/ \

v“n
[ ving = e e

Now in bre fomulow book ir? = (v )" and
> v = £ (n )

= W'V\'Z(V\H)l + Y (“ﬂ (ny)) (2n +1) ) 4—3( (\(\l\-\-\))

= Sn(n) Bn(fw\) + S?(Lm-\) IR \ ’

= 5n() (3 #3n Flent € +18 )

= 7’5_“ () (?ml £ 190 +24) & always Ccheclk if

= ﬁﬂ(“*‘)(“*l)("ﬂw +13) quodrakics  wil)
futkorigc . You ol
low morks P Your

ONSW,S 1S NoY i 1S
Sirplest  form.
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01
2 (a) The matrices M = [1 b ‘(1)] and N =

b -5
-1 ¢

J are such that MN = L.
-1 1

Find a, b and c. (5] |
Fistk we need to Find MN.
N Mis 2x3 od Nis3x
|4 ) UC
MN = L b o] -1 C So Uhe P(D()\U(A- MN
\-V ) W be a2 X2 matrix

o(=) +1(0) +af) )

o(b) —1(\) +a(-)
l(—S) +b(c) +OQ)}

Cx o

-] —0

_ |
K\(L) +6(=1) +o(-0)
|
A\

O be -5 )

We wnou wN=I So | cro)_ [ o)

L_© ) \o )

:> 0. — —
= (-2=0 =7 C=72
=2 —S +2b=) =Yb=73

l/\ence, a—_—zl b:3 C =72

1]

(b) State with a reason whether or not N is the inverse of M.

M s not & SgMmore natrix ond hence hos no invese .

Turn over

© OCR 2020


http://www.mymathscloud.com

B . %@
o’}/bs J’%)}}g\
(}5 s
5
4 %,
%
T '%%
3 In this question you must show detailed reasoning. B
1 _
Find f i 4]
in
oV 4— 9x2

We coan reuike  Hws

in+eq| vl Wty . SEond o form

m e moloe boolk .

<
3

.

(=4

Fom e omvln book we  Wnow

r
\\1 Vai—o?

dx = oscsin (%%) ¥ C

Hence

Il

}Us\'ng Stodacd resold

-
= + '
3 aresin >\D
2%
SIEI) \
6 )S\sbbmg\ N Limits
- % ( ONCsIN (3-&4;> - esin 0) d
= % (orsin s — o)
= ZL(%) - T)}?— ~
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5

e d e
(a) Find b ar

The roots of the equation 2x*> —5x+7 = 0 are o, B and y.

BT K=
) , 1.
L R B - X3
" @t > T wpr oLpo ' vpr
_ Br + oy + oup

oéﬂ?z h
Now we ccon vse e fat dak onk
o fnd £+ L+ &
I I - v - _<_ _Esr_=
oc""é"*‘ > - - T d -~ - - 7
I I
ra =
(b) Find an equation with integer coefficients whose roots are 2a—1, 23—1 and 2y —1. [4]
If we Wont on egmabtion v dems of o Witk vroots
2oL-1 LR-1 od 27 -1 we Cm Uk HNak
4 =2x-|
=>
SD We  Cen SubStitute o be eguation
n . } ,
2 ( ) -s( J+7 =0
e undh VIO
“orarsen (Y -2 (yr) r7=0
XU: Y #3243y + 1 — oy +1) +23 =0

Y +3y* +3y +| —loy -10+28 =0
U +39y* -7y + |5 =0
7

Turn over
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5 Fig. 5 shows the curve with polar equation »=a(3+2cos6) for —z7 < 60 < 7, where a is a 6()5\9 %
constant. %,
G %,
5(a) (a) Write down the polar coordinates of the points A and B. |2] 00/,)
i A, & =0 => 7 = &(3+20080) = Su
so A is (Sa, 0)
Lo 0=0
ok B, 6 =2 =>0r= (3 +2e8%) =0 (3 +2(0) =3a
. Jr
| so B is (‘Bc(, Z)
E (b) Explain why the curve is symmetrical about the initial line. 2] |
COS (—®> = Cos 6O
hence the vale of ¢ for & s te Same volure
for -6
(¢) In this question you must show detailed reasoning.
Find in terms of a the exact area of the region enclosed by the curve. 4]
Tn fumwlon booli tle corem =
e
*0 ch&—'( [0 (3+2c056)) deo
-—’2 3 \ |\ /7]
-n
n
—J_( VQ[?a-ﬁrnvxl\l o
= 5 ) Ay [\ ~LCUSNSTYy Vo
-n
2 "
_ ( (9 + 120080 + U rmgzn—\ ch o
— l ) k = ) LI A4 / LA >4 N
-n uing Cos*e =3 (( + ¢os20)
2 N
- &( 9 + 120098 + U /'/1‘,‘_(/05",&\\ de
=7 J—.n. (z¢C AVl
2"
=2\ (1 +12c050 + 20578 de
v =JU
0 / SCOSM& ae
T ——t
= & e «2sme x sin2e | Y S Wt
= J=7
=t
= %: ( L + (28in 3 + Sin20 - ((|(~J\)msan-;L) +S\‘n(_-2n))
_ ot
= = (\m Fii(o) + O = [-11n) -12(e) - (o))
_ ot - T hiae?
= ¢ (220) = Uno vaits?
© OCR 2020
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6

The complex number z satisfies the equation z* —4iz*+11 = 0.

Given that Re(z) > 0, find z in the form a + bi, where a and b are real numbers.

Figr we debhne o oeneral, Covplex number 7.

let So

Now we sob s iato our eguation

(e b)* ~ui(e-6) = -1

1

o> +2abi *» b°(D* = Yai + Ub()t = -1

'

a% +Zabi +62(-1) — Yar +Yo(-) = -

0 + Tabi —b> —Uar - Yp = — 1

now we need to Sepecate owb e LHI into

the el ond wMmaginany  post.

a0 -b% -yb + (ZaZ—Ua)(‘ = -l

The 2HS has no maginay pork Ond O oA pot of |

to Zub -Ua =0
a(26 -4) =0
a/:/é 26 =y 2 IMQﬂir\aﬂO Part
disuxro\/ as C ob=a [
Re (z) >0
=7 >0

A" - (7 -Ul2) =-u

a>-12 =-1

2 Real Past
4

0=l =¥ o=+1

pe(z2)20 => aa>0. so a=|

herce o=\ b=2 => 2 = |

+ 21

© OCR 2020
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Section B (108 marks) ]
7  Prove by mathematical induction that Zn:(r xr!) = (n+1)!—1 for all positive integers n. [6] —
r=1
Step one : bose Cose '
when n= :[_, LHS = %(Fxrl) =lx 1! = I%] =)
gHS = (1x)i—1 = 20 -y = Z -\ =\
J.o0s LHS = reS, So trve for n=) .
Nep Ewo o assumplion,
fsuve, trie for n=4 SO
Sthp Urieo: inducHve giep
LSing, e ASSmed resulh for o=\
< +
K
S (exry) = % ((IAJ-\)x (w+1)1)
= + (wr) x (wri)! ) Factorise owk

/

1]

() \rl wr) | - (k+1)!

[MH)‘. =] x’ZX._.XV.%(Vm)/ = [u,u-\)! ((24-2) -1

So (lA-H)\_ (w +2) &p (M—\-Z)\, -

= X2X .. xUx K+) x (4¥2)

(i, 5\
==L

((we) » )1 -1

. btrve for n= U4+

T show cleerly ok the

result Follows £or p=W+)

Sfep four: conclugion

\® e vesolt s e for n=U 4 1S Eruve

foc n=W+\. Siae i+ is brve for n=1

W is tewve  for o Pos{%\'v*e_ inYeqer

Volvet  of .

© OCR 2020
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8 (a) Giventhatthelinesr=|2 |+A| l|andr=| 2|+ x| 3 | meet, determine . [S] | \ ,))

First we need to seb endh line egnabron  eomal
to euch other omd form o Seb of egumotsons.

0 —\ —\ [2]
2leal V] =f2]+p ]3]
\ 2) 3 K \u)

® o - =-11+2s => A+2p=|
® 2 +x = 2+30 => A -3p=0
© 2 +3n=WUrlUp = 3% —Yp =U-2

Solvingg B +(®  Simolkonouly  aives X< 0.6 =02

bhe lines invecect so © Mosk e consigyeny Witk A

Vowes oFf X ond p

henty © K =3x —Yu +2 =3(06)-d(c2) +2
=K =3

(b) In this question you must show detailed reasoning.

Find the acute angle between the two lines. (4] _

The ongle bahween the (ined s the angle betlseen
be durection veotos

Horwe £ind te  dot pmd,(/\o'h of the ertors
- 9

el 3] = =1(2) +1(3) #+3(w) = I3

3 Y

"
En

&

Recal) that C(OS® = —

12 question asus For acvie myle

E © 290° Wwe wWowd ne ed
I/’ to t"ji'V“t $0—=6—

rl

\F~

So cose = TR 12243%4 U

=7 9:0«*&08(\[‘—%; = U3.29.... = 43.3°

© OCR 2020 Turn over
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1 =2
9 A linear transformation of the plane is represented by the matrix M = [A 3

], where A is a |
constant.

(a) Find the set of values of A for which the linear transformation has no invariant lines through |
the origin. [5]

We need to v l"\(?ﬂC =(%‘) te Find e invariont

~ \%4

[ —2\[:)0\t/:)c’\ _ ®
L2 3JU9) LY T e vy = YT ®

L

lines .

So the point (¢,9) on IS 0 oopped b

CD(_’, hj) SO \6’ = mx’ (l\'N’,S one Un(DUﬁh o;\'g:n SO c:@)
® 13y =y’ !

using | LA £330 =m \vUS""fgC@ L No inVOn oW ]S
A2 +’3( ) =m( ) E(C 2M2rImr L =0
A +3maL = Moe - 2m () hos no veah Vo

NIC + J0C = ML —2mP e —=> dekt <0
Zm?x t 2Zm y A = O 22 UX2XA 20
o2 (2m* »2m £ Q) =0 gA> U =7 A>L

(b) Given that the transformation multiplies areas by 5 and reverses orientation, find the invariant
lines. 3] |

we can considexr the deteminant of M.
Since. M multiplies ovead by 5 debk M has o
Mognitude. of S 1+ adse has o negaive Sign
s It reverses  Griekodi on. - -
So dek M = -S
I-FgN=-8S =2 21x=-% = A =Y

vting  post o) Zm® yZm-Y =0

M* M- =0

(M -1\)(m+2) =0

m=1 M=-2
$O invoriost lnes are y=2C ond Yy =-2x

© OCR 2020
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10 In this question you must show detailed reasoning. i &
The region in the first quadrant bounded by curve y = cosh %xz, the y-axis, and the line y = 2 is _|
rotated through 360° about the y-axis.
Find the exact volume of revolution generated, expressing your answer in a form involving a
logarithm. (7] |
Recalk bhak the volume oenevated by rotating o
e J
corve abot the Y-axis Za padionsS i35 qgqiven by
(@)
\ [ — w
AV e
Ceatmaion the egnadion Fe the cuve Y= coth (£22)
Sx* = ofcosh y
oc™ =2 0008y
Gtﬁ Sl etehn '\/\c\/\J L{\) = codh (L—)LZ), NN )
2]
1+ (S clewr the bounds cre \ /
\
y = \ Of\d u_:z D ur rodions
v J > X
9 2
o yolume = st g 2orcoshy dy =7n X orco Shy duy
0 ~ =4
(o]
we need to do tws inteqeal by posts
|
letr L = arcoghy do = feremy
9= V=Y
V\\) S
(9
So owws\r\\_}\ dU\ = Yorcodhy - — olq\
J e v = S VY= e .
J by) Ncoojmhmor\a
(oo ok be
= U orc OS\I'\U\ - W_—_l ¥ C  done by Sobgkikon)
< ~ v

-2

hente.  \olume = Z5u | YOrtoshy — Yy \

A\

A1
(2 oreoth 2 — (2727 - (oreote s - 1))
(2 (2 + (1) -7 - 0 + o)

= 17n
= 725N
= 2n(l\mC’Z+ﬁ) - \ﬁ)

= unif\ (2 B) —2a 83 valk’

© OCR 2020
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11 In this question you must show detailed reasoning.

In Fig. 11, the points A, B, C, D, E and F represent the complex sixth roots of 64 on an Argand

diagram. The midpoints of AB, BC, CD, DE, EF and FA are G, H, I, J, K and L respectively.

A (@)

Write down, in exponential (reie) form, the complex numbers represented by the points A, B,

C,D,EandF. 21 - 5
To Find ¢
Since Fig. 1§ oo Pegquior he x agory 5 —
ey interior myle s Lovad. ) 4
eus_
Nnce A = 2e° =2 € =2
8 < le/%‘ = i:"
C=2e%
™
b=2e =-7
A (b) When these complex numbers are multiplied by the complex number w, the resulting complex
numbers are represented by the points G, H, I, J, K and L.
Find w in exponential form. (4]
Im . . ~ e
. . \M\)H—\ngmg o Com(:\lejx numoe, (yﬂ Ww=re'
f . vorodes e numbes by & ond Scokes kg
9 '
’ Dy —w hOANi Tude by V.
T Ve From the diagrom 2 AD = 2%. o d
I ‘f‘Q/\(.Q, & = 7’2—
* /O\ I ] t
I - S = — =
TY/ \ ban & = x 7 X e i3
o Z T) \ A \SM‘NO‘FO‘CHX new’ pockulus <
Y =
3
he,ncelAz XV =3 = = =
old” modolus RO W= ‘_e ¢
A (¢) You are given that G, H, I, J, K and L represent roots of the equation z° = p. _

Find p.

2] —

Fom ohowe (=2 = y3e®

= (’(C_os?‘— r(sin %)

So (F(Cos

-\-\s\(\'—“—)) \ [,u\ de Woiwe s (F

27 (COST( + \s\nﬂ)

2 = v (eos0 ¥ i$ine)

1

27 (=\ + i(0)

" = (s ne + isinng)

- 277

> P =-27

—
—

© OCR 2020
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12 (a) Given that z = cos®+isin6, express z" + —1— and " —~1— in simplified trigonometric form._|
i

2]

Recol that Cos ne = AN

2

=7 " r o T LWsne
, _ 2N -2
Sin N6 = ,L“l

3

1
z+—
z

(b) By considering

3
z— l] , find constants 4 and B such that
y4

sin’@cos’® = A sin 66 + Bsin 26.

[6] —
\3 ¢ ‘\'3
Fiaty lek’s use pok o) tv rewnde (%+—'%)(%';)
/ i \3 ¢ \ \? g —
(\% ‘\-—{-) (\ _i) (% re ) (% _%—) )US\"m:\, o)
= (2cos &) (2sinef
= Qos*er x-Qisin’e
= - G4 ose sin'e (F)
/ \3 ¢ ‘\'3
Now lexs expmd ouk (?: + %) (1 —%‘) Using o binomial
. h ' O PONSION -
/ N\

23 2-%) = (2 re) (e-2Y

) T = (432 £ 32 £
(23t +r33"-27)
2| -32 [+32' | -2 = 26 —331% +3r 7t —2-¢
2| 26 |- |+ T = 26376 _z39%* 4322
32| $884[ =92 | 49 |-32' = 26 _27& =3(2T-77?) ) usic
32733 | -9 [+937%| -3 = Lisines —3(2isinze )} ¥
23 X |=33 | 37 -2 = ZisinEe — Gitinze ®

So using @ wd ®

— GUicos™e Sin'e = 2iSin 66 - 61 8iney
COT’eSINE = -33 Sin6e + 25 Sinl®

© 00 2020 (A:——g'a nd b=2=
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14
13 (a) Using exponentials, prove that sinh 2x = 2 coshxsinhx. [2]
P v] —Z5C
Considering bre LHS  Siah2 = & :e e col )
C()Sh b ,e}+€
COﬂS\d&r\'MU\G {Z.HSI ond Sinhx = pX _p—*
2 cosha sink =2 (3) (@™ +e7)(3) (e*- ) B

= F(er e e -em) = (e -em)
- ez 7_6‘” = Sinh 2% (: LHS as Shoun odore)
(b) Hence show that if f(x) = sinh’x, then f "(x) = 2cosh 2x. [2]
E() = (S{\n\rxvcyb N g;t(smhx) = coshx
= 2 %X Sinhe ¥ Cofhae = 25inhit coshae = Sinh2x
F(0) = Leosh e . — Chain rule
7708 ey oned]

(¢) Explain why the coefficients of odd powers in the Maclaurin series for sinh’x are all zero. [2]
Sine. € 7(20) = 2cofh o0 Subsequent odd  derivatiwes
afe inteqer molhples 0f Sinh2x (s.vm 2 (cosno0) = sinh]
FU(—W\QF/ W& oC = D/ Sinhoc = e —f‘ ‘;‘ =0

So () =0 if n 1S odd.

So a3 any odd powevt in Bt seves ove molkiglied
by O, ol bthe 0dd powea in He &nes e Zero.

(d) Find the coefficient of x" in this series when # is a positive even number.

3]
Ficst fad oo generad form for £7(0) i€ n is ewnen.

£ (o) =2cogh2x =2 £*(o)= Zcogh o = 2

£2 () = Usinh 2

M(x) = Reshzx =2 FU (o) = fcosh 6 = @
=7 (o) = 2"

From te Fb the oeneuh e in O Maclaunn $emes 1S
L) n o ik nis e dam is F(Oyn = 20

v _ nt N, //

© OCR 2020
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15

14 Solve the simultaneous differential equations

dx 4
® =4, ® G +3x=5,
given that when =0, x=0and y = 1. [11]

T

This is o Set of Coupled differeiod e guations .

To solve s we Hst need to eliminofe y to

RBrd o second ordes differentiod  egmodion A o

@ "‘ y 2¢ = Uy N differeating implicitly

) r —°'~(Z'x) ’aqt‘C"‘%) ¢ i respet s E.

d"x + = ydy

N oW we My nee

U ot 22

US\N)\@ GE =My e Lsing ®),

SubsCiuhing e n
SEITERETEES

12
W{— XLA —M)C/?'Z_Oﬂ -\

ar Ty F¥x =0y, de
J 3= de  °=F

32 . r

([ a) e -

dqa(/ doc

dbl—’sa’f; +72x = O

(we Ueep subsktubing ® od € unkl oor DE s
in o ‘sovable”  nd ocdes form)

(answer space continued on next page)

© OCR 2020
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%

14 | (continued)

d'z doc _
TR Sa" +72x = O

223N +2L=0

(-2 (a -0 =0
;1:2/ 11-\

Avxilly o GQ)AQXA'OA :

Siace e hore 2. recd roods our‘ o\ww\ forn Vg

Ae+@

now We need B oMso £ind W= F(¢)
using ® Y =

<)-

(Aet +288° +2( )
(Aet +2AF +728ef +20e%)

2 et + Be*

A
U
L

U

1

S0 2 = Ae* + B’ ond y = taet + Be?t
Rnody e nep ol Lo Bad A ond 8 using the gi v

Vorves

When £=0 =0 : O=Ae® +B8e°=vA+B =0 @
wWhen £ =0 uy =\ | = ZAe® & Be® =y FA+B=

i 38 +UB=UY (@

Solving D o @ Smoltenepusly  gvves
A=-Y md B=Y

hene, 9 = —Uef + Ye*c
ond Y = -3eF +Ue?

© OCR 2020
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15 (a) Show that the three planes with equations
x+Ay+3z=-12

2x+ y+5z=-11 _

x—2y+2z=-9 |

where A is a constant, meet at a unique point except for one value of A which is to be |
determined. [3]

We con rewrire  thus s

A 3\ [ > 12
2 1 S| Y ]=(-n
L -2 2 )\%] \-9)
> ST
Fit ks Find det M.
lllS\\lS\.ﬁll\
acv v = I-Z’Z\ A \ 2\-\—5 \ —Z\

=12 %0 —A(U-5) +3(-4-1) = -3
The plmes do not week ok a uigre (F det W =0
ns M IS Sinooler. So A-3 =0 =7 A =73

So 1F A =3 He plmes do not meek af a wigre point.

(b) Inthe case A = —2, use matrices to find the point of intersection P of the planes, showing your

method clearly. 3] |
Using & cokcv! akpr -/ T B
M- = -1/ 24 -V
\ O -1
o [1 -7 3\ [x> 17
2 | S ( % - — 1\
\ | -7 2 \% —9)
X s s B[\ I \
o) [ 9 ] =1-vs Ve -va|| -N|=]2]
z \ o -1 J\ -9 -3
hence 9 = (\, 7 -3)

© OCR 2020 Turn over
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Recalh bhat the shorrest dustone berumoon co |ine

[c= 0 +2d) ond o pot P IS gimn by

l ( ®)
0P = g — - 7 \— { \T_‘ |
-3) 2] \-Y)

) 2

= ' X -\ | =
—\/ \—2
=y3* +27427 =
=J27 4% =

hence, dustonce = — so ‘l—l?l umTs

B o
2t NE
6(3 cﬁ@w
18 R
ooq
x 1 z+2 “
. : =1 . y=1 72
The line / has equation I i o —
(¢) Find a vector equation of /. 2] |
Eoch of the terms in Ot egmation for L 1S egmed
& o Scaler poomets Suy
x-1l _~ _— —
5 = =7 = L+ 2\
-\ _ — —_ — —
A =Ty= 0 ox =2 vs [V ]
T+ _ — - —
=N =77 = > / \ 2/
(d) Find the shortest distance between the point P and /.
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(i) Show that / is parallel to the plane x—2y+2z =-9.

al =i-tir2w M seen to He et if

- L is porathed be e plore
— L s pupendicuer Lo the
™ novm o) Lo He plone.

L is poperdscuder O the nortwd 1f Ele Stodor

podumtt of the diretion Vettor 0F L oad te nom ol

W the eloe I 2
e} 2 -V =) -2 () 2 () = O
2 - Joo LS o auMel to plone
(ii) Find the distance between / and the plane x —2y+2z =-9. 2] |

Since ¥t plane and line are porallel, e disEonc

bokueen dhem 18 Mways e Some .

So we con (Ut find bHle  distente betigeen P

(Which  Lies  on  Ah plore) and L.

In te Fomula booklet Hre diskonte beklyeen

(*%‘,L{)-, %\> ol N +NY F N2 4d =0 (g

In, +ny, + N3z, +d

\]n} YNa 4Nl

diskonce - Lt s () v 22 x 9| oy

J12 % 22 p 72 3

heace distance berween L mnd plone S = units
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16 The population density P, in suitable units, of a certain bacterium at time ¢ hours is to be modelled

by a differential equation. Initially, the population density is zero, and its long-term value is 4.

(a) One simple model is to assume that the rate of change of population density is directly

proportional to 4 — P.

(i) Formulate a differential equation for this model.

1] |

The cak of c\r\ono\& of popvlation dengiby

rep resSented by 9P

et w(A-p) => 2 -yk(A-P)

At

16(a)(ii) (ii) Verify that P = A(1 —e ™), where k is a positive constant, satisfies

* this differential equation,
* the initial condition,

* the long-term condition.

3] |

1. The Diffeenhal €gumetion

7. The intish condihon

When £=0 e=A(01-€° = O .. sakisded

3_”‘9— [D(\% —Jorm conditaon

as bt >0 "> 0 so P> A(l-o

P>A [ .soksFied
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T
An alternative model uses the differential equation

P _
dt

t(1+t) = Q).

where Q(?) is a function of 7.

(b) Find the integrating factor for this differential equation, showing that it can be written in the |

V1424

form 7

18] |

D
.

o\

S0 the differentol egmabion Gr ~Eiey = Q) 10 in
Stonderdl [inesr  15% order D& fFom.
The (aYegrating factor, ‘.E[(,) W gl by

IO =

e S t[u—e'l) db

—t
&tmm A

con be found LSING Portiad Frach ons.

\ A BE +C A (E+) + £ (8 +¢)
t(i+ 69 t EZ +1 (62 +1)
So AL+ A+ + CE =]
A=1 A+ C =0
, -
r i r\—L_ t
hence \lam)w“- \t T 4b et
) ) \ os\““s S‘F do = TATET]

- l(\\bl —{,_\n\b

(no + Coveqmred

il

In lt\ - l/\\ml

S MU\'\-\pL:ﬁmS Yre

t ] whote P& by +cC
= ‘unv |r——t1' it tentet OU\I7>
_ln!\l’rgﬁl IA!‘TI £ -
0 I(’ac) L - e ( rte QS required,
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T

(¢) Suppose that Q(7) = 0.

At

Vi+2

(i) Show that P =

The DE IS now {HE -

[4] |
P P 1
Elrtd) 0

Tws i

solwed by fwt MulHolying  Th mugh by T(E) .

X T (&):

IRz

L
C

LA [ ——-u o
av _ ke, ¥

At E Yk(mﬁ) =0

d P
I " e ©
V1€

v

The LHS

'S implicit product ecvle. u= P

ap
- at
l

U/
1+ E® -
v e

= Tl

as £200, P>K.

hence U= A

ot

So e——

At
Cr————a

A = Pp=

\VILEE o

NT¥¢E

(i) Find the time predicted by this model for the population density to reach half its long-

term value. Give your answer correct to the nearest minute.

2] |

Half of bre long trm valve of P /s 3 A,
So we need te Sole P =3 A
Ty - At
2” - \vfw__{:-q
l+t? = 2t
| + t ye?
It2 = |
£*=%
Lt = =4
0 0-§77... hourt = 3Y-CY... = 35 minutes
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}O)@(z '3‘9“‘”
23 6"0/
x o"qoo
—t %
(d) Now suppose that Q(7) = e %
Vi+£
| i
Show that P = . [You may assume that limze™ = 0.] [5]
\/1+t =
n P tt,\/-t
The PE IS 0w 4y ~ i = frres
This i solwed by fist multplying th mogh by T(4) .
e 1o e ) et Ko~
vt —or_—vrrE oo = U < L,
X T(E): —¢ @ e EO+D ¥ ==
a2 Jdp P
[ - S ————
E db £ ik
The LHS 13 impliciy pf‘oc)\u(‘/{/’ cole.. u= P v = %T%
_ VireE® . ‘
APt . - "¢ V = "¢ fme
30 a—t‘(\\lu-ez,) = ¢
Pt _ s - 242 _  _ ,-€
(TxEe2 g& at e (e e _*¢&
_ (E -te
=) P= ==
VT+E
st oo P>c as te® s> 0. hence C =4
_ At — e " .
So P = S5 a5 vequired
It is found that the long-term value of P is 10, and P reaches half this value after 37 minutes.
(e) Determine which of the models proposed in parts (¢) and (d) is more consistent with these
data. 2] |
Here Wwe need to investigake emch modet. We nted 4o
_I
Rad P wWhen £ =5 for emch.
o {(2)
€
Moded One - P =  _ S74g..
VI + 3%
‘O,CJ\_“ 21)e- )
Model Tuo: P = kol o/ U 96....
U+ %o0)
Hne the 2" modal s betbe as P s cloger to 2 =S,
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