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Section A (36 marks)

1
A

First we need to write this series in a general
form

.

& (r(r + )(r+3)

= (w +yra + 3r)
I expand out brackets

using 2arb
+ 6r2 + cr

n

= + + 4 Er + 3 ! = azr + 62r + cr

r= 1

n

Now in the formula book
,

Er = 12 (n + 12 and
S

N r = 1

[ra = (n(n + y(2n +1)
.

r = 1
n

Also recall Eit = n(n+ 1)

= in 2 (n + 12 + 4((n(n +y(2n + y) + 3(zn(n + y)
= em(n + )(3n(n + y + 0(2n +y + 18 J
= in(n +y(3nz + 3n + 16n + 8 + 18/
= En(n +1)(3n2 + 1 +26)7 always check if

= in(n+ y(n +2)(3n + 13) quadratics will
factorise. You will

lose marks if your
answer is not in it's

Simplest form .
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2(a)

2(b)

G

First we need to find MN
.

Mis 2x3 and Nis 3x2

m =(ii) ↑ so the product MN

will be a 2x2 matrix

o(- s) + 1(f) + a()
= (0 a 178) + 6(4 + 04 ↑
= ( -

1
a

a ↑
we know Mr = F

. so (-1ata
- 1 - a = 1 =) a = - 2

2 + a = 0 =3 c - 2 = 0 =) 2 = 2

- S + 62 = 1 =) - s + 26 = 1 =76 = 3

hence a = -2
,
6 = 3

,

c = 2

E

M is not a square matix and hence has no inverse.
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3G

We can rewrite this integral into a standard form

in the formula book.

Jed= da

From the formula book we know fadx = arcsin () + c

Hence , using standardoa&
= (arcsin(3]
= (arcsin (EX) - arcsin of

2. subbing in limits

= Carisin - of

=5 (5)=
/
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4(a)

4(b)

A

Let's rewrite" + +

* +y + 5 = + +
XBJ

=
Now we can use the fact that EXB= and

& B2 = -E to find + + E

* + m + 5 =
a

= - = - E = 5

:. + +p + j = =

G

If we want an equation in terms of y with roots

2x-1
,

IB-1 and 22-1
,

we can write that

y = 2x - 1

=> x = z(y + 1)

so we can substitute 2 = E(y + 1) into the equation
in xC.

2 (z(y +y))) - s(z(y + y) + = 0

expand via

binomial
expansion ↓= (y + 1)3 - z(y + y + 1 = 0

X4 : y + 3y2 +3y + 1 - 10(y + y + 28 = 0

y + 3yz +3y + 1 - 10y - 10 + 28 = 0

y + 3yz - Ty + 18 = 0

F
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5(a)

5(b)

5(c)

G

at A
,
0 = 0 = v = a(3 + 22050) = Sa

so A is (Sa
,
of

at B
,
0 = E = r = a(3 +2) = a(b + 2(0)) = 3a

so B is (39,
E

cos(-0) = coso

hence the value of r for O is the same value

for - 0
.

G

In formula book, the crea = Sr2 do
so

area =+" (a(3 + 2 cos) do
- M

= a (3 + 2 cos do

= ( + 12coso + 4 cosoo
↓using cos20 ==(1 + cos20)

= e + 1220so + (Ell + coszo do

= Il + 12cos0 + 2coszo o

M ↓ Scosko do

= /110 + 12 sino + sinzo &
- 1

=Isinko + c

= (lla + Rsinm + sinzm- (Itsintm + sin(-2n
= (112 + 12(0) + 0 - (- 112) - 12(0) - (0))
= (222) = 11ma2 units
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6G

First we define a general complex number z.

let z = a + 6i
.
Soz *

= a -bi

Now we sob this into our equation
(a + bi)2 - 4i(a - bi) = - 11

a + 2abi + 62(i) - Hai + 4b(i)" = - 11

a + 2abi + 62(- y - yai + 46( y =

= I

a + Zabi - 62 - Hai - 46 = -11

now we need to separate out the LHS in to

the real and imaginary part .

a
2

- 62 - 46 + (2a6 - 49)i = - 11

The RHS has no imaginary part and a real part of -11

so 246 - 49 = 0

Ia(26 - 4) = 0

a= 0
,

26 = 4 - Imaginary
Part

discard as 6 = 2

Re(z) so

=> as 0

a2 - (2) 2 - 4(2) = - 11

a2 - 12 = - 11 I Real Part
e

a2 = 1 = > a = 1

Re(2)10 => a so .
so a = 1

hence a = 1
,

6 = 2 => z = 1 + 2i
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Section B (108 marks)

7A

Step one : base case

when n = =
,

LHS = S(rary = x=

RHS = (1 + 0 : - 1 = 2 ! - 1 = 2 - 1 = 1

↓ as LHS = RIS
,

So true for n = 1
.

step two : assumption

Assume true for n = k
,

so (rxry = (k + 0 ! - 1
r = 1

Step three : inductive step

Using the assumed result for m = K
,

k + 1

[rary) = (r +) + ((k + y = (k + 0 ! /
v = 1

= (k + 1) ! - 1 + (k + y x(k + 1) ! factorise out

= (k + y ! (1 + ( + 1) - 1 ! (k + 1) !

(k +1) ! = 1x2X
...
xkx(k + 1)

&
= (k + y ! (k + 2) - 1

so (k+ 1) ! (k +2) = (k +2)! - 1

= (x2x ... xkx(k +y x(k +2)
= ((k + 1) + 1) ! - 1 .: true for n = k + 1

= (k + 2) !
& show clearly that the

result follows for n = k + 1

Step four : conclusion

If the result is true for n = K it is true
I

for n = K + 1
.
Since it is true for n = 1

,

it is true for all positive integer
values of n.
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8(a)

8(b)

direction vectors

- T

A

First we need to set each line equation equal
to each other and form a set of equations.

(i = ( +If
3

⑦ 0 - x = - 1 + 20 = ) x +2n = 1

⑧ 2 + x = 2 + N==

2 + 3x = k + 40 => 3x - 40 = k - 2

solvingA + simultaneously gives x = 0 . 6
,
N = 0 . 2

the lines intersect so must be consistent with these

values of 7 and e

hence 0 k = 3x - 40 + 2 = 3(0 . 6) - 4(0 .2) + 2

=> k = 3

G

The angle between the lines is the angle between
the direction rectors

.

#st we find the dot products of the rectors

(5) . (3) = -,() + 16) + 3(4) = 13

Recall that 20sO=
question asks for acute angle

so coso =I+F if 0 , 000 we would need

X to give 180 -0.

=>a = accos (i) = 43 . 29 ....

= 43 .3
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9(a)

9(b)

A

we need to use m/ = (2) to find the invariant

lines
.

I x - zy =x ①I/(i) = (i = xx + 3y = y
= ⑧

So the point (x , y) on y = Mx is mapped to

(x
, y% So y = ma (lines are through origin so c =o

⑧ xx + 3y = y
using y = mx

↓ XCC + by = ma using no invariant lives

xx + 3(mx) = m(x - 2y) if 2m2 + 2m + x = 0

& x + 3mx = mx - 2m(mx) has no real roots

2x + 3mx = mx - 2M22 => det o

2 M2 x + 2 mx +2x = 0 22-4x2x720

x(2m2 + 2m + x) = 0 8x14 =771

A

We can consider the determinant of M.

Since M Multiplies areas by S
,

det M has a

magnitude of S
.
It also has a negative sign

as it reverses orientation.

So det M = - S

3 - ( 2)(x) = - s = 2x = - 8 = x = 4

using part a) ,

2 m2 + 2 m - 4 = 0

m2 + m - 2 = 0

(m - 1)(m +2) = 0

m = 1
,

m = -2

so invariant lines are y = < and y
= -zx
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10R

Recall that the volume generated by rotating a

curve about the y-axis ze radians is given by
6

V = r S
a

c2 dy

Rearranging the equation for the curre y = cosh(te
Ex = arcoshy

x = zarcoshy

By Sketching y = cosh(te, Ym
2

it is clear the bounds are
I

& Iit radians

y = 1 and y = 2
>

so volume = e[22arcoshy dy = 2nSarcoshy dy
we need to do this integral by parts

du
let u = arcoshy =

dV

ay
= 1 v = y

so forcoshy dy = yarcony-S dy
↓ by recognition

(could also be
= yarcoshy - 1 + C done by substitution

2

hence volume = 22 /yarcoshy - 1]
I

= zm(2crcosh 2- n-1-(orcosh1 -u-))
= 22(2n(2 + n -1) - m - 0 + of
= 2m(2in(2 + 5) - 5)
= 4rln (2+ 5) -2rE Units
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11(a)

11(b)

11(c)

A

To find r ro = 64 =7 v = 354 = 2
I

Since Fig. Il is a regular hexagon,
every interior angle is rad.

Hence A = 2e0i = 2 E =2ei

8 = zei F = 2ei

2 = zei
Ti

D = 2e = - 2

A

H Multiplying a complex number by w = reio
X

I
X X

G
rotates the number by O and scales it's

o magnitude by V.

jx XL From the diagram,

LAOB = rad

K
X

so <AOG = Brad

h
rece o=

W
x I

tan = = + x = + = 5

N scaling factor' new modulus
O A ↓

hence 2 x v = 5 = r- E-

T
old modulus so w = Besi

A

From above, G = z=e = (20s + isin
so p = (5(205 + isin))s 7 by

de Moirre's if

= 27(cosπ + isin) z = v (cosa + is ing)
,

= 27( - 1 + i(d)) z" = un(cosno + isinno

=

= 27

= p = - 27
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12(a)

12(b)

G

zn + z
-n

Recall thatcas no= -
2

=> zu + En = 2 cosno

zn - z
- n

-Sin no =

2 ;

↓
=> zu - zn

= Zisinno

A

Firstly let's use part of to rewrite (z + e)" (z-ef

(z + E)(z - E) = (z + z
-y3(z - z-

3

(using as
= (2 cos Of (zisin of
= 8cos"OX-8isinO

= - 64i costo Sin O ⑰

Now let's expand out (z + e)"(z-E) using a binomial

expansion.

(z + z)(z - E) = (z + z
-y3(z - z

- 3

= (z3 + 37 + 3z" + z
-3)

(z3 -37 + 37" - z
-

3)
z3 - 37 +32- 1

- z
- 3

= z6 - 372 + 37
-

- z
- 6

= z6 - zy +32 -T =z6 - z
- 0

- 3z2 + 37
- 2

325324 - 82248 - 37
- 3

= zo - z
- 6

- 3(z2 - z
-2)

37 + 322 -8 +&z- 2
- 35

-4 = Zisin60-3 (zisin 2 of Fusing
z

->
X -37 #z-4 - z6 = Zisingo-Gisinzo0

so using and ⑧,
- SHicososino = Zisin60-Gisinzo

cosPOsino = - Singo += Sinzo
32

(A = - 52 and B = =
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13(a)

13(b)

13(c)

13(d)

G

- e
- 2x

Considering the LHS .

Sinh2x =e Recall
2 ex + e

-x

coshx =-

2

Considering the RHS, andSinh = ex-e
-x

2cosh sinha = 2 (2)(ex + e = P(z)(ex - e
- )

2

= 2(ex + e
+ y(ex - e

-
= I(e= - 1 + 1 - e

-2)
22x - e

- 2x

- =
= sinh2x( = LAS as shown above

A

f(x) = (Sinha ↓ (sinna = cosha

= 2 x Sinha xCoSha = Isinhacosha = Sinh2x

f " (2) = 2 cosh2x => chain rule

Fas required

E

since fr(c) = 2 cosh 2x
,
subsequent odd derivatives

are integer multiples of Sinh202 (since a (coshof = sinhe
20 - e-

o

Further
,

ifa = 0 Sinhos =

-
= = 0

/

So fn(>) = 0 if n is odd
.

So as any odd powers in the series are multiplied
by O

, all the odd powers in the series are zero.

R

First find a general form for full) if n is even.

= (x) = 2 cosh2x => f2(0) = Icosho = 2

f(x) = 4 sinh2x

f(x) = 8 cosh2x => f"(0) = 8cosho = 8

=) fn(0) = 2n
- 1

From the fo the general term in a maclaurin series is
↓

f(r) (of

#ch
So if his even

,

tom is=
-
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14

(answer space continued on next page)

R

⑰ ⑳

This is a set of coupled differential equations.

To solve this
,

we first need to eliminate y to

find a second order differential equation in .

① + 2x = 4 2 differentiating implicitly
(a) + (2x) = (4y) with respect to t

+24 now we eliminate

I and
Using ① ,

= ly-2x Using ,

t = Sy -3x

substituting these in,

* + 2 (4y - 2x) = 4)sy -3x

# + 8y -4x = z0y - 12x

& - 12y + 8x = 0

↓ 4y = 2x

&2 -3( + 2x) + 8x = 0

- +2=

(we keep substituting and ⑧ until our Ot is

in a 'solvable 2nd order forms
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14 (continued)

- +2=

Auxiliary Equation :12 -3x + 2 = 0

(x -2)(x - 1) = 0

x = 2
,
x = 1

Since we have I real roots
,

our general form is

x = Aet + Be2t

now we need to also find y = fit)

Using , y=/ + 2x

&E = Ae + + 28e2t

so y = I (Ae+ +28et +2(Ae + + Beit)
y = + (Ae + + 2Aet + 28e +

+2827)

y = &Aet + Bezt

Sox = Aet + Best and Y = Aet + Best

finally we need to find A and 8 using the given
values·

When t = 0 x = 0 : 0 = Ae + Be = > A + 8 = 0 G
when t =0

, y
= 1 = 1 = GAe + Be = -A + B = 1

3A +40 = 42

solving ⑦ and② simultaneously gives
A = - 4and 8 = 4

hence x = -let + 4e2t

and y = - 3e +
+ 422t
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15(a)

15(b)

A

we can rewrite this as

I
I

-E
First let's find det M

.

derm = 11.2 2) -x(23 +3)2 I12 1 - 2

= 1(2 + 10) -x(4 - 5) + 3) - 4 - y = x - 3

The planes do not meet at a unique if det M = O

as M isSingular. So x -3 = 0 => x = 3

SoIf X = 3 the planes do not meet at a unique point .

A

25 13/susing a calculator
,

m =[ ↑- Vs

/F
kmy(=
hence p = (1

,

2
,
-3)
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15(c)

15(d)

G

Each of the terms in the equation for 1 is equal
to a scalar paramete

,
say X.

x - 1
- = x => x= 1 + 24

2

E = x =3 y = 1 - 2 = --

z +2 ~
=

= x =) z = - z - 2x

A

Recall that the shortest distance between a line

(E = q + x9) and a point p is given byl

a = e - a = (2) -( = Li
· = ( + (=
laf xd) = + 22 + 22 = N

(d) =2+ R + 22 = 3

M
hence distance = - so units
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15(e)(i)

15(e)(ii)

A

nA = i - 22 + 2k As seen to the left
,
if

-

Ta
L L is parallel to the plane,

L is perpendicular to the
Plane normal to the plane.

L is perpendicular to the normal if the scalar

product of the direction rector ofL and the normal

to the plane

(2) = 1(2) -270 +2 = 0is 0. I ↑
- L is parallel to plane

A

Since the plane and line are parallel
,
the distance

between them is always the same.

So we can just find the distance between P

(which lies on the plane) and L.

In the formula booklet
,

the distance between

(2
,
Y .,
z) and n

,
x + Ray + naz + d = 0 is

(n
,

x
,

+ n2 y ,
+ n z

,
+ d)

he+ Ms

distance =

11(1) + 1( -y + 2(2) + r)
= y* 22+ 22

hence distance between Land plane isa units
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16(a)(i)

16(a)(ii)

G

The rate of change of population density is

represented by a

Hence (A-p) => = k(A-p

A

1. The Differential Equation

= A(ke-k+ P = A(1 - e
-kt)

P = A - Al
- kt

so = Ak(1- Ae-kt = A - P

e-k + = 1 -
& = k(A-P) .: satisfied

2. The intial condition

When t = 0
,

p = A(l-e = 0 :. satisfied

3. The long-term condition

as t + a
,

2
- k +

-0
.

SoP - A(l - o
P-A : satisfied

www.mymathscloud.com

http://www.mymathscloud.com


21

Turn over© OCR 2020

16(b)

R

dP
So the differential equation

,

-te = Q(t), is in

standard linear 1st order Of form .

The integrating factor ,
ICE) is given by

/

# (t) = eS-at

Cit at can be found using partial fractions .

#ty
= E + =

A(E + y + t(bt +

t(t 2
+ 1)

So At + At+ A + Bt2 + Ct = 1

A = 1
,

A + B = 0
/

A + C = 0

B = - 1 c = 0

hence Situat = St-at
↓ using JEdx = in (f (4)

= InIt)-EInIt2 + 11 (no + c required
,

=In It1-In/NFz) as multiplying the

wholeDe by + C

=In will cancel it outf

So= =
ele= as required .
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16(c)(i)

16(c)(ii)

A

The Ot is now - t
= 0

This is solved by first multiplying through by I/E).

X I (t) : # - = 0

#- = o

ap
-The LHS is implicit product rule. U = P v = dt

= v =-
! = o

# = So at = = Y

as t - &
,
P-K .

hence K = A.

so
z

= A => p=

G

Half of the long term value of P is A.

So we need to solve P = IA

=E

#t= 2t

1 + t
=

= 4t2

3t2 = 1

t2=

t = =+
so 0 . S77 ...

hours = 34 . 64 ...

= 35 minutes
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16(d)

16(e)

R

te
- t

The OE is now -E
This is solved by first multiplying through by I/E).

X I(f): =
#-E = e

- t

The LHS is implicit product rule. U = P v = ·
= v =-

so a ) = e
-t

#2
= Se-t de =>

+z
= - e

- z
+ C

=> p=
as te

- t
->o

. hence C = Aasted , P
i

as required
At-te-t

A

Here we need to investigate each model .

We need to
37

find p When t = go for each .

model one :p5 .24.

Model Two : p= .
Hence the 2nd model is better as P is closer to E = S.
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